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ABSTRACT 
 
 Equilibrium beach profiles are a result of a balance of destructive and constructive forces 
over a long period of time.  Though unlikely in field locations they are important to the 
understanding of near shore processes and to coastal management.  Validity of the equilibrium 
beach profile model, y=h/m + h(3/2)/A(3/2) , first presented by Larson in 1988, which includes 
gravity as a destructive force will be analyzed  by comparing profile scale factors. A, to those 
obtained by Dean (1993) in a study of New Zealand beaches.  A - values will be calculated with 
a least square best fit method that minimizes the least squared error between actual profile data 
and predicted equilibrium profiles.  Profile data of 25 locations along the Delaware coast will be 
used in analysis of this equilibrium beach profile.  Validity of the model will be considered in 
terms of applicability to beach types and water depth.  The effects of gravity as a destructive 
force will be compared with an earlier version of this model presented by Bruun in 1954 that 
does not include gravity. 
 
INTRODUCTION 
 

An equilibrium beach results from a balance of destructive and constructive forces acting 
on the beach.(Komar 1998)  Though an equilibrium beach profile is unlikely outside of a 
laboratory, due to the continuous changes in the factors affecting the forces, the study of 
equilibrium beach profiles is important.  It aids in the understanding of beach profiles in general 
and beach responses to changes in the dominant forces such as increases in sea level or storms.  
Studies of equilibrium beach profiles lead to better predictions, knowledge of beach profiles that 
are not currently in equilibrium and conditions that have caused the current profile of to obtain 
its state.  Equilibrium beach profiles are also important to beach fill designs and coastal 
management, in predicting how beach nourishment designs will respond after they have been 
applied and in predicting the type of beach nourishment design that will fare best for conditions 
at the specified location. 

 Several models have been developed to predict equilibrium beach profiles.  The two 
used in this study are the Bruun model which was fist introduced in 1954 by P. Bruun and was 
documented by Robert G. Dean in 1977.(Dean 2002)   After studying several beach profiles from 
Monterey Bay California and the coast of Denmark Bruun proposed that equilibrium beach 
profiles could be characterized by a power function, with a power of 2/3, this function is given 
by, 

 
h(y) = Ay(2/3) 

 with y defined as the distance in meters in the cross shore direction, h the depth in meters and A 
as the profile scale factor.  The value 2/3 was confirmed by Dean (Komar 1998) in a study of 500 
beach profiles along the east coast of the United States. 



 
The profile scale factor was later found to be dependent on sediment size.(Dean 2002)  

This came from the assumption that turbulence in the surf zone was the dominant destructive 
force and the relationship between sediment size and the level of wave energy dissipation per 
unit water necessary for sediment transport.(Dean 1993)  For this reason the Bruun model is 
commonly called the dissipation model.  This relationship was later converted to an A vs. w 
relationship, where w is the fall velocity of the sediment. (Dean 1993) 

One downfall of the dissipation model is that it predicts an unrealistic vertical slope at the 
shoreline.  To fix this anomaly a new model was developed by Larson, in1988 that included 
gravity as a destructive force for a very small region near the shoreline (Komar 1998), this model 
will than be referred to as the gravity model.  The resulting equation is  

 
y=h/m + h(3/2)/A(3/2) 

m is the fore shore slope of the beach profile, which is calculated using measured profile data. 
 In this model turbulence (represented by the 2nd term on the right side) remains the 
dominant destructive force except when the profile reaches shallow water.  At that point the 
gravity term becomes the dominant destructive force. 
 Current research in the field of equilibrium beach profiles has focused in areas of the 
parameters, A and m,  and their sensitivities, the applicability of the equilibrium beach profile 
models both to beach nourishment design and to varying forcing conditions and beaches.  For 
example Houston developed a simpler approach of designing beach – fill design that utilizes the 
dissipation equation.  Dean had previously studied methods of using the equilibrium profile with 
sediment data to develop beach designs. (Houston 1996)  In another study Larson et al, 1999 
attempted to extend the applicability of equilibrium profiles to include profiles under breaking 
and non – breaking waves. 
 
DEAN’S STUDY 
 
Dean’s Methodology  
 In 1993 Dean et. Al. conducted a blind –folded test of equilibrium beach profiles for ten 
New Zealand beaches.  Both profile and sediment data were used in this study to verify the 
validity of the gravity model for cases where A is not constant, which in turn implies that the 
sediment size varies in the cross – shore direction.  
 Dean first determined, based on the sediment size data, A(y) through the A vs. D and A 
vs. w relationships documented by Moore (in 1982) and Dean (in 1987).  The foreshore slope, m, 
was obtained from the measured profile, and included values between 0.03 – 0.08.  Using the 
calculated A(y) and the foreshore slope the gravity model was used to construct an equilibrium 
beach profile for each of the ten locations. 
 
Dean’s Analysis and Results 
 The equilibrium beach profiles were then compared to the measured beach profile.  
Several different analyses were conducted to determine the disequilibrium and general 
agreements of the measured and modeled profiles.  Through visual comparisons of the two 
models Dean found that they were in good agreement for water depths less than 5m.  The actual 
profiles extended to depths of 24m and the models were calculated to the maximum depth of the 
particular profile.  In further comparisons two of the model profiles were significantly deeper 



than the actual profiles, four were significantly shallower and the last four were in reasonable 
agreement with the actual profiles.  There was no obvious relationship between the number of 
sediment samples available at a location and the agreement of the equilibrium and actual profiles 
that Dean noted in his report. 

 In a more quantitative analysis the degree of profile disequilibrium was determined by 
calculating the volume difference above some depth, h* , to be rectified by a shoreline shift, Dy , 
with the resulting profile to be of equilibrium form.(Dean et.al 1993)  The approximate shoreline 
displacement, Dy,  is given by the equation  

 
Dy = (Vequil. – Vactual)/(h* + B) 

Vequil and Vactual represent the water volume between the sea level and the equilibrium and the 
actual profiles respectively and B is the berm height, Dean used B=1.5 meters, the average berm 
height from the profile data.  Dy > 0 represents and excess of sediment in the actual profile and 
Dy < 0 represents a deficit of sediment.  For the ten profiles in the study the range of Dy was 
158.8m < Dy < -104.6m, this was calculated with h*  = 7m, which was an arbitrary depth 
common to all profiles and not necessarily a depth of limiting motion.  
 Dean also compared the average of actual profile and the equilibrium profile for two 
cases, one included all of the ten profiles and the second excluded one profile which excluded 
one profile with unusually large deviations in predicted and measured profiles.  When compared 
the averages seemed to be in relatively good agreement to approximately  5m depths, as was 
found for the individual profiles as well.  
 Dean et all concluded that the gravity was a good model of equilibrium beach profiles up 
to 5m in depth.  It was also found that the model was somewhat effective in predicting profiles 
for varying sediment sizes, however the number of sediment sizes was not related to the accuracy 
of the model.   Dean was unable to determine in this study if the discrepancies observed between 
the actual profiles and the equilibrium profiles were a result of limitation in the model or if the 
actual profile was in disequilibrium.   
 
METHODOLGY 
 
The Dissipation Model 
 Instead of comparing predicted equilibrium profiles, obtained from sediment data, to 
actual profiles, as Dean did in his study of New Zealand beaches, this study will concentrate on 
finding equilibrium profiles that best fit the actual profile.  Further analysis will than be done to 
decide if the A-values are within a reasonable range for actual sediment characteristics. A 
comparison to scale profile factors in Dean’s study will be done to determine if the resulting A 
values are within an acceptable range.  Dean’s A values were calculated with actual sediment 
data so they represent an acceptable range of values, however this is not to be considered the full 
extent of the range since only ten profiles were considered in the study and the New Zealand 
locations may represent a narrow bad of the sediment diameter range. 

To determine the profile scale factor and quantify the error between the two measured 
profile and the equilibrium profile a least squared error equation was applied to the two profiles. 

 
hmod = A*Xm

(2/3)

 



e = S (hm – hmod )
2 

 

e = S (hm – A(2/3)* Xm)2 

where Xm is the measured cross – shore location of the profile, h is the measured depth of the 
profile and A is the profile scale factor, and in this case is a variable.  

 In order to determine the A-value that corresponds to the smallest error and therefore the 
model that would best fit the measured profile, the first derivative of the error function was set 
equal to zero. 

0 = de/dA = S�hm –A*Xm (2/3))(-Xm
 (2/3)) 

A, the only variable was then solved for in terms of m, X and h. 
 

A = (S hm * Xm
(2/3))/(S Xm (4/3)) 

Once A was determined the error value was computed and the model equilibrium beach profile 
constructed by substituting the A- value and the measured cross – shore values.  This process 
was completed at both all measured depths, which ranged from 10m-40m, and for depths less 
than 18m.  
The dissipation model can also be written in a form of x vs. h 
 

Xmod = hm
 (3/2)*A(-3/2) 

The previously described procedure was also completed for this form of the dissipation model 
with    
 

e = S (Xm –Xmod)
2 

 
0 = de/dA= (Xm – hm

 (3/2) *A(-3/2))2 

 

A(3/2) = S(hm
3)/ S(Xm*hm

 (3/2)) 
The reason that both x vs. h and h vs. x versions of the dissipation model were tested was 
because though normally seen in h vs. x format the dissipation model is also easily written in the 
form of x vs. h.  The gravity model however is originally in the x vs. h form, but unfortunately 
solving for h would be unreasonable.  Since both h vs. x and x vs. h are possible for the 
dissipation model any differences between the two results can be documented.  This is necessary 
to determine if the form of the gravity model is a valid representation or if it is necessary to 
transform the gravity model to h vs. x in order to effectively predict equilibrium beach profiles. 
 
 The Gravity Model 
 The procedure described above for determining the scale parameter and the least squared 
error was repeated for the gravity model below. 
 

Xmod = hm/m + hm (3/2)/A(3/2) 

The least square error equation for the gravity is as follows, the error is calculated in terms of x 
since the gravity model is in the form of X vs. h. 
 

e = S (Xm – Xmod)2 



 
e =�S�(Xm – hm/m-hm

(3/2)/A(3/2))2 

The first derivative of the least squared error is taken in order to find the smallest least squared 
error and the scale parameter that corresponds to that value.  
 

0 = de/dA = S�((3*Xm*hm
(3/2))/A(5/2) – (3hm

3)/A4 – (3hm
(5/2))/mA(5/2) ) 

 
A(3/2) = S (hm*m)/(S(m*Xm*hm

(3/2)) – S(hm
(5/2)) 

This procedure was completed with the same data as the dissipation model.  Four different 
equilibrium profiles were predicted with the gravity model, the full measured profile, depths up 
to 15m, depths up to 18m and depths up to 20m. Creating equilibrium profiles that apply to 
different depths and cross shore locations tests Dean’s conclusion that both the equilibrium 
model and the dissipation model are only applicable to the breaking zone.  The 15m and 20m 
models were created to determine if there were any significant discrepancies in the value of the 
scale parameter of the error between 15m and 20m.  If no great differences were observed the 
18m models could be representative of an equilibrium profile within the seaward limit of the 
profile. Beyond this limit the profile is less likely to be affected by wave action, specifically 
wave energy dissipation.  If the 15m depths and 20m depths models were considerably different 
than further study would be needed to determine the depth that would be most representative of 
equilibrium profiles within the seaward limit. 

For both the dissipation model and the gravity model the documented error was 
calculated by dividing the least squared error by the sum of the square of the actual depth values, 
or in the case of h vs. X the cross shore location values. 

 
e = S (Xm – Xmod)2/ S(Xm

2) 
 

e�= S (hm – hmod )
2/ S(hm

2) 
 

RESULTS 
 
 Available Data 
 Profile data of 25 locations along the Delaware coast were used in this analysis.  There 
were between 2 and 16 profiles available for each location in terms of depth at off shore 
locations.  Profiles were obtained form the Department of Natural Resources and were taken 
over a period of 30 years between 1964 and 1994. 
 
 The Dissipation Model 
 The comparison of the two forms of the dissipation equation x vs. h and h vs. x showed 
that there were no significant differences in the two model profiles.  The profile scale factor for 
both models ranged from 0.1 <A< 0.35 for the full profiles in visual comparisons of the two 
models they seemed to predict similar equilibrium profiles at both full profiles and 18m 
profiles(the reasons for predicting these two profiles will be explained later). This observation 
can be seen in the profiles of location 49 in figure 3 for all 6 profiles both versions are plotted but 
they are indistinguishable.  Though this is only one of 25 locations this result is representative of 
all the other locations.  



  The average slope/ the foreshore slope (avg/m) gives a general idea of the steepness of 
the profile.  The average slope was calculated by finding the slope between the last point of the 
profile and the point at the shoreline.  The foreshore slope was determined by finding the slope 
between the two points straddling the shoreline, the slope of the first two points above the 
shoreline and the slope of the first two points below the shoreline and then averaging the three 
slopes.  If avg/m is greater than 1 the profile is extremely steep and the beach is concave down, if 
avg/m=1 the beach is a plane beach and if avg/m <1 than the beach is concave up and the slope 
is mild.  The scale parameter vs. avg/m relates the value of the scale parameter to the relative 
steepness of the beach.   In fig. 1 the avg/m is plotted vs. A for depths less than 18m, a majority 
of the profiles are clustered between 0.20 < A < 0.50 and 0 < avg/m < 1.5. 
 

 
Figure 1 A plot  of average slope/ foreshore slope for the dissipation model 
 

 
Figure 2 A plot  of average slope/ foreshore slope for  the gravity model 



The Gravity Model 
 Since no discrepancies were observed in x vs. h and h vs. x it is assumed that it does not 
matter in which form the equilibrium beach profile model is calculated.  Therefore the x vs. h 
form of the gravity model will be utilized without testing the more complicated h vs. x   equation 
for agreement of the two equations.   

There were four equilibrium models created for each profile, one that included all points 
in the profile, and one model each that included points at depths less than 20m, 18m and 15m.  
When the models for depths less than 15m and 20m were compared there was very little 
difference.  The range of the profile scale factor for 18m depths, 15m depths and 20 depths are 
all relatively the same with 4 < A < -2.  As stated before and in Dean’s paper both the gravity 
model and the dissipation model are only applicable to areas within the breaking zone. Therefore 
depths less than 18m will be representative of the region within the breaking zone.  

 
 
Figure 3 Location 49 profiles of  the dissipation model.  Shows both 18m profiles and full profiles.  The lower 
dashed line is the 18m profile and the lower dashed line is the full profile.  At the top of each figure is listed the 
location of the profile the date at which the measured profile was surveyed, and the A value and least squared error 
value for the 18m x vs. h dissipation equation. 
 

In the plots of A vs. the average slope/ foreshore slope the gravity model shows a 
discontinuity at approximately avg/m = 1.  For steeper slopes where avg m >1 the gravity model 
predicts negative scale parameters with imaginary parts, the imaginary part however was not 
included in the plot of A vs. avg/m.  Figure 2 shows that the profile scale factor and average 



slope over the foreshore slope have an inverse relationship that is shifted to the right of the 
origin.  For profile scale factor values to the left of 1 a majority of the values were 0 <A< 2 and 
for values to the right of one -2 <A< 0.  These values were calculated with avg/m values that 
were in the range of -0.5 <avg/m< 2, and foreshore slope values of 0 <m< 0.15 

 
Figure 4  Gravity profiles for Location 49.  Show both  the 18m profiles and the full profiles.  The lower dashed line 
is the 18m profile and the lower dashed line is the full profile.  At the top of each figure is listed the location of the 
profile the date at which the measured profile was surveyed, and the A value and least squared error value for the 
18m gravity equation. 
 
DISCUSSION AND CONCLUSION 
 
 Comparing the Gravity Model and the Dissipation Model 

In visual comparisons of the dissipation model and the gravity mode, the gravity model 
seemed to have better agreement with profiles that have steeper slopes. Figures 3 and 4 are a set 
of 6 profiles from location 49 that were collected between 1964 and 1994.   This does however 
coincide with scale parameters that are negative and imaginary, and therefore could never 
actually be achieved from actual sediment characteristics.  For beach profiles where the average 
slope over the foreshore slope is approximately 0 <avg/m < 0.8 the two models have equally 
good agreement with the actual profile, this represents beaches with shallow or medium level of 
steepness. 



 Comparisons of the least squared error values of the two models revealed that overall the 
dissipation model has lower error than the gravity model.  The least squared error for the 
dissipation model is 0.00 < e < 0.2 and the least squared error for the gravity model is 0.00 < e < 
0.4 these values both correspond to models for less than 18m of water depth.  Numerically it 
seems as if the dissipation model has better agreement with the actual beach profile, however as 
stated above visually the two models seem to be on par with each other, disbarring for a moment 
the fact that for the steeper slopes the gravity scale parameter presents unrealistic and imaginary 
numbers.   

The inverse relationship between A and avg/m for the gravity model shown in fig. 2 
above, implies that the gravity model cannot accommodate steep sloped beaches.  The negative 
and imaginary numbers observed, though they predict good fitting equilibrium profiles, the 
profile scale factors are impossible to achieve from sediment data.  The large A – values 
observed just to the left of avg/m = 1 would also be unlikely to be produced from actual sediment 
samples.  It was proven that the model could produce profiles with excellent agreement within 
the breaking zone; however the limiting factors of sediment data on the profile scale factor must 
be taken into account. The dissipation model does a better job staying within a reasonable range, 
according to Dean’s results, for the profile scale factor even for values of avg/m greater than one.  
The noticeable difference in the dissipation model for steeper sloped beaches is the value of the 
least squared error.  Generally a larger error is associated with steep sloped beaches than with 
shallower beaches. 
 
 The 18m equilibrium model vs. The full profile equilibrium model 
 For almost all profiles the 18m equilibrium model was a drastically better fit to the actual 
profile up to 20m of water depth than the full profile was over the entire measured profile.  The 
full profile predicted a shallower profile at the middle of the profile and a deeper profile towards 
the end of the measured profile.  The 18m model seemed to be good for both the dissipation 
model. In fig. 3 and 4 above it is obvious with a quick glance which is the full profile prediction 
and which is the 18m depth prediction.   
 
Comparisons to Dean et. Al. study   
 As Robert Dean noted in his 1993 report on New Zealand beaches the gravity model is 
only applicable to the breaking zone the full profile equilibrium profile prediction did not 
accurately predict the actual beach data.  Though with both sediment data and profile data Dean 
found that predictions were accurate to about 5m of water depth, the least squared method of 
fitting the best equilibrium profile to the actual extended beyond what is commonly considered 
the breaking zone it was still limited to seaward limit of the active profile.  Beyond this limit, 
normally taken as 20m the profile is unlikely to change or is considered to change more slowly 
than areas in less than 20m of water.  It makes sense that both models would have difficulty 
accurately predicting profiles for areas beyond the seaward limit and areas within the seaward 
limit simultaneously due to this difference in rate of change.  
 Another limitation of the dissipation and gravity model noted by Dean in his report is the 
lack of applicability to steep sloped beaches, in his study he noticed a considerable increase in 
the disequilibrium as the slope of the beach face increased.  This is most noticeable in the Pakiri 
profile which was left out of one of the comparisons of the average profile because there was 
such a deviation in the actual and predicted profiles.  In the dissipation model tests the limits of 
the model were evident in the increasing error and disagreement between the predicted profile 



and the actual profile as the slope of the beach visibly became steeper and avg/m approached and 
surpassed 1.   Also the profile scale values seemed to increase as the steepness of the slope 
increased to values that would be unlikely to correspond to actual sediment characteristics.  For 
the gravity model the limitations of the model were more evident, though not in comparisons of 
the actual and predicted profiles. Visibly, as seen in fig. 4 profile taken in 940403 has a steep 
slope but the 18m profile seems to be a good fit to the actual profile.  The profile scale factor of 
this particular profile is both negative and imaginary, actual sediment data would never produce 
a negative or imaginary value.  This was a frequent result for beaches with steeper slopes, as is 
seen in fig. 2, if avg/m is greater than one the A values are negative and they are also imaginary, 
thought the imaginary portion was not plotted.  Similar to the dissipation model, though less 
common, for some steep profiles the gravity model would produce unusually large profile scale 
factors when avg/m approached 1 from the left.   
 Overall the results of this study were in agreement with the conclusions of Dean’s study 
of New Zealand beaches.  It would be interesting in further studies to combine the methodology 
of these tests.  This would allow for the comparisons of A- values obtained from sediment data 
and A- values that produce best fit equilibrium profiles.  The range of the A- values along with 
the errors of the two models could be compared.  Also the limits of sediment size could be 
determined from a study of this type, for example the difference in the two A- values increase as 
the size of the sediment increase and if so to what extent.  For this type of a study one would 
need both sediment data and profile data, though multiple sediment samples, as with the New 
Zealand study, would be unnecessary.  
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